This paper investigates the feasibility of and develops an economic valuation model for buyout options in Comprehensive Development Agreements (CDAs). A CDA is a form of public-private partnership whereby the right to price and collect revenues from toll roads is leased to a private entity for a finite but lengthy period of time in exchange for providing local and state governments with a quick influx of cash and/or additional infrastructure. Uncertainty associated with such long-term leases is of substantial public concern. In particular, there is a sentiment that the state and/or municipal governments may not be sufficiently compensated for the forfeited development opportunities and a possibility of lost revenue due to higher-than-expected future growth during the lifetime of the lease. An under-studied aspect of the problem is the feasibility and economic value of an option for the government to buy back the leased infrastructure at a future date prior to lease expiration. Such an option would give the public sector additional control over the future use of leased facilities and address potential concerns regarding long-run uncertainty and possible unforeseen windfalls for the private sector. The buyout option valuation model developed in the paper could help transportation policymakers in decisions on leasing public infrastructure. The paper's contributions include the analysis and feasibility assessment of buyout and revenue-sharing options, an economic consumer demand-based revenue model for purposes of simulation, and the numerical evaluation of the strategic options. The main conclusion is that buyout and revenue-sharing options tend to have a high cost relative to the value of the lease. It is therefore understandable that private sector developers are hesitant to allow such clauses to be included without significant compensation.
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Introduction
In 2009 The Fund was established shortly after 1956 legislation that created the Interstate Highway System, and was intended to be funded using federal gasoline taxes. In the last 25 years, however, the Trust Fund has been eroded, mainly by the lack of an increase in federal gas taxes, which remain at 18.4 cents per gallon, together with increases in vehicle efficiency (Puentes and Prince, 2003) . In contrast, the cost of building roads and bridges has steadily increased. At the state level, transportation budgets were already in difficulty before the 2008 financial crisis and subsequent Great Recession.
To address this budgetary crisis, proponents of innovative financing have suggested transportation public-private partnerships, such as Comprehensive Development Agreements (CDAs), as one of the delivery mechanisms. A CDA is a form of public-private partnership whereby the right to price and collect revenues from toll roads is leased to a private entity for a long but finite period of time, in exchange for providing local and state governments with an initial influx of cash and/or additional infrastructure. These arrangements include concessions and leases, can be used for new or existing projects, and generally involve design, construction, operation, and, eventually, transfer of the facilities. Typically, a higher degree of privatization of the project implies greater risk transference from the public sector to the participating private firm or consortium (see figure 1).
[ Figure 1 about here] This paper develops an analytical framework to value strategic options in CDAs, with an emphasis on new (Greenfield) transportation projects. While much of the literature uses simulation methods directly applied to cash flow projections (e.g., Cheah and Liu, 2006) , this paper considers how a wide range of variables interact to generate cash flows. This approach makes it possible to conduct parameter-specific sensitivity analysis of lease prices or option values.
We consider a buyout option and a revenue-sharing option. The first is modeled as Bermudan exercise style, while the second is a sequence of European options. The options considered in this paper are expected to take the form of clauses written into CDA contractual agreements, and would be explicitly priced, as the party would pay a predetermined amount to have the option included in the agreement. If the options are included in the contract at no cost, or not included at all, the solutions obtained are still of interest because they represent the value foregone by one of the parties. The paper's findings suggest that both option types are expensive relative to the total value of the CDA. Given the large value of the options, it is unlikely that the private sector developer or consortium would allow their inclusion without compensation. Therefore, while the options may play an important role in reducing risk for the public sector, their inclusion may be costly. However, the options' inclusion in CDAs could be made more affordable by scaling down the option payoffs. The options would still provide the government with useful risk reduction, but would not limit as much the developer's upside potential for profits.
Problem Statement and Literature Review
For private firms, public-private partnerships are appealing as an asset class because they are broad-based and essential, they are real assets, they provide returns that are stable in the long run (assuming accurate project forecasts), and there are natural barriers to entry, even without the inclusion of a non-compete clause (discussed in more detail below).
For public authorities, entering into public-private partnerships is expected to provide a number of benefits. The main benefit is that while the public generally faces a lack of funds, the private sector is interested in considering new investments to diversify financial portfolios. Further advantages include the private sector's ability to use economies of scale, diversify its investment as a part of a larger portfolio of real and financial assets, provide financial innovation, generate greater leverage than the public sector, and monetize the projected revenue. In particular, the private sector can potentially leverage state funds towards transportation projects.
The public sector generally uses municipal bond market tax-exempt debt to finance transportation projects, which is in fact a subsidy whose cost to taxpayers should not be ignored.
The use of tax-exempt funding creates the illusion of a lower cost of borrowing. Moreover, the high rating of municipal bonds also implies that the public sector has limited borrowing ability, compared with the private sector. Indeed, funding in the private sector usually consists of a mix of senior debt and equity, and the longer time horizon of investors allows for a greater capacity to borrow.
CDAs, and more generally transportation public-private partnerships, have been used in several U.S. states as well as in Canada, Australia, and in many European, Latin American, and (Bain and Wilkins, 2002; Bain and Plantagie, 2007) .
This paper considers one approach to facilitate CDAs by making the provisions more appealing and flexible to the public sector, through the introduction of strategic options that may reduce revenue uncertainty and reduce the likelihood that CDAs will be interpreted as a windfall for private sector developers at taxpayers' and road users' expense.
Methodology

Can Options Facilitate Comprehensive Development Agreements?
For both the public and private parties, the main concern is uncertainty associated with difficult-to-forecast revenue streams over a very long period of time. CDAs are often several decades long and can be as long as 99 years, in the case of the Chicago Skyway. Options provide a means to reduce uncertainty for both parties. The literature has focused so far on options for private developers, such as minimum revenue guarantees (Cheah and Liu, 2006; Chiara, 2006; Chiara and Garvin, 2008; Chiara, Garvin, and Vecer, 2007) . However, the benefits of innovative financing continue to be a source of debate.
Sources of risk are numerous and varied. Broadly, they may be categorized as risk due to:
(i) revenue generation, (ii) operation and maintenance, (iii) government actions and force majeure, (iv) termination or counterparty payment uncertainty, and (v) disputes. Since this paper examines formal buyout option clauses in CDAs, risk categories (iv) and (v) are assumed to be negligible. However, such is not always the case.
Post-implementation, the main source of uncertainty is business risk associated with uncertain demand for the toll road, depending on regional and national macroeconomic conditions, and also if a non-compete clause has not been included, such that improvements to nearby freeways can create substantial diversion from the tollway. Clear delineations of risksharing between public and private parties is often difficult and contracts may lack in transparency (Peters and Perotta, 2006 ). An especially worrisome source of risk for the private sector and one that is difficult to evaluate is political risk, for example, uncertainty associated with new political leaders or parties who did not support the previous administration's endorsement of a CDA or a change in legislative provisions.
This section defines problem motivation, suggests the use of strategic options both for public and private parties to provide insurance and increase the mutual appeal of CDAs, and finally describes analytically the four options modeled in this paper, three from the public agency's perspective and one from the developer (concessionaire).
Buyout option
The Texas legislature strongly favored a clause generally known as "termination for convenience," which involves the public agency buying back the CDA at its own discretion. In the past, the buyout price was negotiated ex-post. For example, the SR-91 toll highway in California was first leased for $128 million and was bought back eight years later for $208 million. Why the lease increased in value when there were eight fewer years worth of cash flows to collect remains an interesting question and further motivates the concept of a buyout option.
Consider a Greenfield CDA with a duration of 50 years that is initially valued at $400 million, based on limited information forecasts. Once the tollway opens, it becomes clear that demand is higher than expected, and moreover regional growth is greater than expected. After five years, the revised value of remaining cash flows is $800 million. In the public's eye it may appear that developers received too sweet a deal, putting pressure on political leaders who seek reelection. We therefore consider a contractual clause giving the public authorities the right to buy back the CDA for a predetermined exercise price. Rose (1998) studies a special case of a buyout option with an application to Australian transportation public-private partnerships.
This contract clause was strongly favored by a Texas legislature concerned about developers collecting excessive profits on Greenfield CDAs. Here the public agency has an option to buy out the lease and recover the remaining cash flows, either to collect itself or to lease out to a new private firm. This is modeled as an American call option. The public sector wants to retain the privilege of buying back the concession at any future date for a predetermined price. Assume this exercise price equals the price of the concession paid by the developer to the public sector, although it can be defined otherwise. How much would this option cost?
The equivalent of asset price in this case is the revised net present value (NPV) of remaining cash flows. Every period, more information is learned about the profitability of the concession. It is likely that the greatest amount of uncertainty is resolved in the first few periods.
The revised NPV must decrease, other things being equal, because there are fewer years worth of cash flows remaining, but if traffic volume is substantially greater than expected ex-ante, it may more than offset the loss of cash flows and thus lead to a revised NPV that is greater than the exercise price. A necessary condition for the buyout option to be exercised is that at any period the revised, period-t NPV be greater than the exercise price. A sufficient condition is that the period of exercise be the optimal stopping time. The problem is therefore one of solving for the optimal stopping time.
For option pricing purposes, we solve the closely related problem of a multiple-exercise time Bermudan option. Such an option can be exercised at any of T different dates. The dates could be the end of each fiscal year, or once each month. In the present study the dates are the smallest time frequency used, e.g., monthly. Since this option is priced from the perspective of the public sector, the revised NPVs are calculated using a lower discount rate than that used for the developer. Finally, to price the option by Monte Carlo, we evaluate the expectation of the option payoff over all paths, discounted using the risk-free rate (actually, risk-free rate simulated paths). This point is further discussed in the paper's section on computational methods.
Revenue-sharing option
This type of clause is favored by private sector firms involved or considering involvement in CDAs. It provides the public agency with a share of revenues in the event that the latter would be much higher than what was anticipated at the time the contract was signed. The option is defined such that if net revenues exceed a predetermined amount, then a share α of excess profits is returned by the developer to the Government, while the developer retains a share
This clause is modeled as T distinct European call options each with price CE i for t = {1,…,T}. At the end of each period t (e.g., financial year), the period's net revenues S t are compared with the predetermined value of so-called "normal" profits (exercise price) denoted K.
that is the updated current-period NPV of remaining revenue flows is greater than the strike price (original value of CDA), then the public agency should exercise its option and will obtain a payoff equal to the revenue-sharing fraction α times the difference between the actual revenues in period t and the expected period-t revenues, if and only if it is positive; otherwise zero. The total cost to the public agency of purchasing all T options is the sum of the T option prices. Note that because the T options are based on different samples from the same unknown stochastic process, solving for their prices independently may introduce a small bias.
Revenue Model
This section describes the consumer demand-based model developed for simulation purposes. Most of the literature takes the approach of directly simulating cash flows, from which option prices can be solved using Monte Carlo methods. Instead, this paper develops a framework in which all financially relevant variables are modeled and simulated individually.
Cash flows result from the interaction of these simulated variables. For purposes of simulation, we use a monthly frequency, such that a lease with a duration T = 50 years would consist of 600
periods.
The baseline model considered is a BOT Greenfield CDA with a contract period of 50 years. The developer is responsible for the project construction, and subsequently begins operation and toll collection for a period of 50 years. The CDA itself is a six-lane toll highway.
Model calibration is based on a careful review of the literature on transportation CDAs (e.g., Bain and Wilkins, 2002; Chiara, 2006; National Cooperative Highway Research Program, 2006) . Parameters are determined following the literature's findings. Ideally, parameters should be estimated using econometric methods and historical data. Data on Greenfield projects in North America are, however, limited because these projects are few. Projects on other continents are more numerous, but the economic conditions and political climate may be vastly different.
To evaluate the robustness of the option price solutions to the parameter specification, a later section of the paper presents a thorough sensitivity analysis conducted by varying parameter values along a range, keeping all other parameter values constant. For convenience, all model parameters are summarized and briefly described in table 1.
[ Table 1 about here]
Maturity of the project
The main difference between Greenfield and Brownfield projects is project maturity, as well as maturity of the project location. This translates into different levels of uncertainty in demand and demand growth. In a Brownfield project, there is a history of demand data available, so forecasts are generally reliable. Moreover, the project is mature and the city or region is already developed, so traffic growth will generally be small but consistent. On the other hand, with a Greenfield project forecasts of initial traffic and subsequent growth are unreliable because the project is not yet built, there is no demand to observe, and it is difficult to use data from established Greenfield projects elsewhere in the country because conditions can be vastly different. This paper focuses on the case of a Greenfield project because uncertainty is much higher, but the framework allows for analysis of options in a Brownfield project, if the model parameters are appropriately adjusted.
Construction risk
Risk in construction costs and duration are substantial in Greenfield projects. Despite performance measures, cost overruns are not uncommon (Bain and Plantagie, 2007) , and new projects can be delayed by political or environmental concerns, as in the case of the I-80 in Pennsylvania and New Jersey. The New Jersey Turnpike and Garden State Parkway privatization plan is referred to as monetization in New Jersey.
To account for the role of political and environmental risk leading to higher costs and/or delayed construction, we assume that both cost and duration of construction are stochastic.
Clearly, the actual cost of construction affects the developer's profits, while the duration of construction delays the opening of the project, thereby reducing the NPV of the cash flows from the lease.
Assume a year's worth of construction cost follows a truncated lognormal distribution with mean of $200 million. Construction duration also follows a truncated lognormal distribution with mean equal to three years. The total cost of construction is therefore a random variable itself and equals the product of M years times the respective stochastic annual costs C m . On average, the project would cost $600 million, and this is the value included in the concession price (adjusting to current value dollars). Following the literature, we assume that total cost is roughly monotonic in the duration of construction, such that the random variables for duration and for annual cost are independent. Specifically, ln M is distributed as truncated Normal ) , ( For purposes of model tractability, we ignore the costs associated with a project being terminated before construction begins (e.g., costs of planning and development) and we also assume that once construction begins, it can only be delayed, not cancelled.
Cost of capital and discount rates
For purposes of discounting, we use the Capital Asset Pricing Model and assume no leverage, so this can be interpreted in terms of the weighted average cost of capital (WACC).
The developer uses the rate ) ( where r f is the risk-free rate (e.g., the threemonth Treasury bill yield), β is the company or sector financial beta, and r m is the market portfolio return. The difference between r e and r f is the individual risk premium, while the difference between r m (in expectation) and r f is the market premium. The empirical literature for transportation finance finds that r e generally is in the range of 8 to 10 percent, typically below the Internal Rate of Return (IRR) for successful projects. For example, the IRR for SR-91 in California was about 17 percent, while the fair market value rate of return for SH-130 in Texas was 18 percent. The public sector is expected to use a lower discount rate, for instance one related to long-term bond rates such as municipal bonds. The choice of the public sector discount rate should be motivated by its financing alternatives to CDAs, e.g., municipal bond rates.
Traffic model parameters
The following presents a description of the model parameters, the values used based on the research literature, and their interpretation. The model primitives are parameters for the peakhour proportion of traffic, proportion of trucks and axle equivalent (for toll rate and road damage purposes), proportion of toll violations, and peak-hour traffic volume in vehicles per hour per lane (vphpl).
The peak-hour proportion of traffic volume is a fraction between 0 and 1 that describes how much of a day's traffic volume occurs during peak hour(s). This value is typically 0.07 to 0.11. The proportion of trucks as a fraction of total vehicles is important to accurately estimate toll revenues as well as road damage. Instead of assuming a flat toll rate for all trucks, we model different axle-classified truck categories, since truck toll rates are usually axle-based as well.
This allows us to define a single toll rate P which becomes the developer's principal decision variable. Trucks are then charged an axle-based multiplier of P, in effect paying a toll equal to that of several cars.
For toll road segments near state or national borders, enforcement of toll payments can be more difficult, and a fraction of users will escape toll payment enforcement. A proportion of toll avoidance is specified based on geographical location of the toll road segment. Lastly, peak-hour traffic volume in terms of vphpl is specified, where, for example, 1800 would correspond to relatively dense free-flow traffic, while 1200 would be light, and 600 would be very sparse.
To compute the annual traffic volume corner solution A 0 (corresponding to a toll rate or rate vector P = 0), we first obtain the effective peak-hour volume adjusted for truck axle-based equivalent volume and toll rate violations, then divide by the peak-hour proportion to obtain daily volume per lane. Next we multiply daily volume per lane by the number of lanes in the toll road and the number of effective days in a year. Effective days represent a way to annualize daily traffic when it is clear that traffic varies according to the day of the week, for example work commuting as opposed to weekend trips. The parameter A 0 represents a baseline scenario measure of annual traffic volume and is used in the demand model to derive actual quantity or volume of traffic.
Demand model
Assume that quantity demanded, i.e., traffic volume, equals
where A is determined as explained above, P is the unit toll rate or vector of rates, γ is a parameter defining price elasticity of demand, and ψ is a parameter ensuring that traffic volume reaches a finite value as price goes to zero. The no-toll corner solution is then
reflecting maximum capacity is imposed to ensure that traffic volume does not grow unboundedly. This maximum capacity is defined as the traffic volume beyond which safety becomes an issue.
The developer's problem is to choose an optimal toll rate P* such that revenue is maximized, subject to the following constraints:
• P and Q are non-negative.
• Maximum allowed toll rate increase constraint: the annual percent increase in P is limited, through contractual agreement, to be no greater than the maximum of three values, namely a predetermined constant, the annual inflation rate, and the real Gross Domestic Product (GDP) growth rate. The constant is contractually set. Interestingly, we found that the constraint is nearly always binding, a plausible outcome given the low elasticity of demand. Therefore, the developer typically uses the full allowed toll rate increase.
• 
Traffic volume, growth rates and ramp-up period
Assume the rate of traffic growth contains both stochastic and deterministic components.
The shape of the traffic growth curve is calibrated using estimates and data from actual projects.
Previous evidence suggests that, generally speaking, traffic volume in Greenfield projects should be first convex increasing in time, then reaches an inflection point, and finally becomes concave increasing in time. Although traffic volume must be asymptotically bounded above, this bound is not expected to be reached in a Greenfield project. For example, U.S. interstate highways can be considered early Greenfields and these never reached upper bounds. Thus, given time we should not expect new Greenfields to reach them either. For purposes of valuing the lease, the expectations (means) of stochastic components are used.
For a Greenfield project, traffic growth rates for all periods t are modeled as:
( )
where the first-period growth rate g 0 is distributed as Uniform over the support 0.15 to 0.50, and so has an expectation of 0.325. In subsequent periods, the growth rate g t is expected to decrease gradually at the exponential rate exp(-ωt), not including random shocks, ν t representing local or regional economic/demographic growth. In the baseline model, ω = 0.20, and ν is distributed as
over the support [-3σ, 3σ] . These values were selected to eliminate the possibility of unrealistic outliers. The parameter values are calibrated to replicate growth and volume trend data from existing Greenfield project data. Traffic growth should be correlated with regional population or economic growth, but since the latter variable is not used elsewhere, it is excluded from the set of simulated variables and it is assumed that traffic growth implicitly reflects localized population growth.
Traffic volume in each period is determined as follows. First, the developer increases toll rates according to the formula defined earlier allowing for the maximum of a constant, inflation, or real GDP growth. In theory, the developer does not need to increase toll rates as much as allowed, but in the present simulations it seems it is always optimal to do so. The increase depends on the realized values taken by the simulated paths of real GDP and inflation. These simulations are generated from time series models whose parameters are estimated using historical data. In each case, an autoregressive (AR) and moving average (MA) time series model is fitted to the data. Note that if a historical time series is found to be nonstationary, i.e., contains a unit root, the model is estimated in differences. To determine the optimal number of AR and MA parameters, first a large-scale model is estimated, and then likelihood ratio tests are used to remove parameters one at a time until the most parsimonious specification is obtained. Although there is a large economic literature base on the use of the Phillips curve to forecast inflation, Atkeson and Ohanian (2001) show that such models cannot beat naive models. The economic literature does not suggest a single, clear model to forecast real GDP.
Second, traffic growth g t is computed using the above equation together with a draw of the random variable ν. Traffic growth g t affects the parameter A in the demand model, as the traffic growth moves to the right the entire demand curve, as well as the intercept at P = 0.
Effectively:
The demand equation for Q is revised using the new value of A. Third, a new traffic volume Q t is computed from the demand equation using the new, period-t values P t , A t , and γ t .
The latter parameter is further discussed in the sub-section on non-compete clauses.
Operation and maintenance costs
Operation and maintenance costs are modeled as a simple affine function of traffic volume, as the engineering literature suggests that variable costs are relatively small.
Non-compete clause
A key provision in a CDA is whether a non-compete clause is included. Such a clause can have important and expensive consequences, as shown by SR-91 in California. In the baseline model, we exclude the non-compete clause because public authorities have been, particularly since SR-91, reticent to allow them. However, the effect of allowing a non-compete clause is examined in the section on sensitivity analysis.
The elasticity parameter γ is assumed to be relatively high at the beginning of the Greenfield project, implying elasticity. Over time, however, it decreases according to a deterministic time trend, as drivers become accustomed to using the toll road. In the absence of a non-compete clause, there is a chance every period that improvements will be made to alternative, i.e., competing roads. These road improvements affect the demand for the toll highway by increasing the elasticity parameter γ, because drivers have more choices and as a result are more flexible. The effect of competing road improvements is captured through a Bernoulli process. Each period, a single Bernoulli(p) draw is made. A Bernoulli success is interpreted as improvements made to competing roads such that γ increases by an amount distributed as truncated Normal.
An important issue that is, however, beyond the scope of this paper is to evaluate externalities associated with diversion of traffic to alternative roads following toll increases. If diversion is substantial, congestion on toll-free, alternative roads may increase the cost associated with time lost in congestion as well as the number of accidents.
Corporate taxes
The developer's profits are generally taxable, although CDAs sometimes include certain tax exemptions. Based on the literature for U.S. CDAs, it is assumed that the developer pays a corporate tax rate of 28.5 percent on all revenues net of debt service payments, operating and maintenance costs.
Debt service
Since the developer borrows funds to pay for the concession, it must pay debt service on this loan. Debt service payments reduce net profits. We assume that a fraction ς of the expected total cost of the CDA (construction plus lease) consists of equity, while the remainder ) 1 ( ζ − consists of senior debt. Once the agreement is signed, the amount of equity is fixed. If there is construction cost overrun, the excess costs are paid for using additional senior debt. The total amount of senior debt is then paid back in equal, annual debt payments over the entire duration of the lease. For example, suppose the project's cost is $1.8 billion, including $600 million for construction and $1.2 billion for a 50-year BOT agreement. Sponsors provide equity in the amount of $450 million, to be repaid at an expected rate of 15 percent, while the remainder, $1.35 billion is loaned as senior debt with an interest rate of 10 percent. Structuring the debt repayment is a key part of establishing profitability of the concession.
Interest rates
To price an option with a short time-to-expiry, using a constant risk-free rate may be acceptable. The options associated with CDAs, however, can have maturities of up to 50 years, during which time interest rates will surely vary substantially. Note that although the Indiana and Chicago Skyway agreements are for 75 and 99 years, respectively, legislation limits CDAs in Texas to have durations of no more than 50 years. Instead of a single, fixed risk-free rate r, N different time series paths } { n t r are generated corresponding to N Monte Carlo simulation runs.
To simulate interest rate paths, we use information provided by the yield curve implied from Treasury bill and bond prices which correspond to market expectations of future interest rates. Moreover, historical data on interest rates can be used to estimate mean-reverting interest rate models. The best-known models are those of Vasicek (1977) and Cox, Ingersoll and Ross (CIR) . The Vasicek model is essentially an Ornstein-Uhlenbeck (mean-reverting) stochastic process. Though convenient, it has a notable weakness in that it admits a positive probability of negative interest rates. The more widely used CIR model, based on Feller's classic work, models interest rate volatility as proportional to the interest rate level and ensures non-negative interest rates. More recently, Chan, Karolyi, Longstaff, and Sanders (CKLS, 1992 ) developed a general framework that nests several models including the Vasicek and the CIR specifications. The CKLS model is estimated using historical interest rate data, with the CIR and Vasicek models considered as special cases. The value of this approach is that it enhances the model's robustness to uncertainty in future interest rates.
To simulate the risk-free interest rate paths, we first estimate, using the General Method of Moments (GMM), the parameters of a model capturing interest rate dynamics. The models are first written as continuous time, stochastic differential equations. The CKLS model is:
For purposes of estimation this is re-parameterized as:
where the CIR and Vasicek models emerge as special case with λ = 0.5 and λ = 0, respectively. To estimate the model in a GMM framework, we follow the approach of CKLS. First, we obtain an Euler discretization of the continuous-time model: 
Valuation of cash flows
Each period the developer collects cash flows equal to the product of toll rate P and traffic volume Q(P), with P t and Q t computed as described earlier. To price the concession, cash flows are evaluated based on expectations of the model's random variables, and the NPV of cash flows is computed using the risky interest rate r e > r f as defined earlier. If the public sector uses the same discount rate as the developer, the transaction may still be beneficial due to risk transference, the developer's ability to raise toll rates, etc. However, a large literature segment argues that the public sector should use a lower discount rate (Grout, 2003) .
Option Pricing Solutions: Computational Methods
The strategic options considered in this paper are American, Bermudan, Asian, and European style. Solutions for all of these options can be computed using numerical methods when analytical expressions are unavailable (e.g., American and Bermudan). According to the principles of risk-neutral valuation, the price of an option can be obtained by evaluating:
where Y is the option price or premium, r is the stochastic or deterministic risk-free interest rate, (T -t) is the option's time-to-expiry, Π T is the option payoff at time T, and E Q is the expectation taken with respect to the risk-neutral probability measure Q.
An appealing approach, since the distributions used for the simulation of random variables in the model are parametric (sometimes truncated), is to use Gaussian quadrature (e.g., Judd, 1998) . However, the dimensionality of the problem suggests that simulation methods, i.e.,
Monte Carlo, may be more appropriate. A different approach that is particularly useful for American options and which is due to Longstaff and Schwartz (2001) consists of least-squares Monte Carlo (LSMC). In this paper, LSMC was used to validate the solutions obtained using
Monte Carlo.
With advances in computing power, Monte Carlo methods based on principles of riskneutral valuation have become widely used (e.g., Boyle, 1977; Boyle, Broadie, and Glasserman, 1997; Glasserman, 2003) . The major impediment to using Monte Carlo methods is the relatively large confidence intervals around the solutions. This is a direct consequence of the relatively high computational cost of Monte Carlo methods. In particular, parameter standard errors decrease only at the rate O(√N). To this end, we use 550,000 simulated runs for all variables. All option prices are computed using the same set of runs. The first 50,000 runs are discarded as a burn-in stage, leaving an effective N = 500,000. For sensitivity analysis, N = 50,000 runs are used. As the simple Monte Carlo approach leads to relatively large confidence intervals, several variance reduction techniques have been considered since Boyle (1977) . The simplest approach is the use of antithetic variables, described below. In addition, low discrepancy number sequences (e.g., Halton, Sobol) have been increasingly used, even though they generally do not allow an estimate of the solution standard error. The latter deterministic number sequences are sometimes called quasi-Monte Carlo methods even though they are not at all random.
Antithetic variables are used to reduce the size of Monte Carlo standard errors. The idea is that if we first generate random draws
= then we may also use as additional random draws the sequence
. Conditional on certain assumptions, the set of random draws using antithetic variables should have lower variance than a standard set of pseudo-randomly generated numbers. Note that the prices obtained in the paper are the so-called "complete foresight" solutions and should be interpreted as upper bounds to the true solution Glasserman, 2003) .
Findings
Results of the Simulation Model
This section presents the results obtained for option prices and confidence intervals, as well as an interpretation of the findings. Note that the price of the CDA itself, given the model parameters, is $456.32 million. The results are summarized in table 2. The strategic options that most interest public agencies and developers are found to be expensive relative to the value of the CDA or concession.
[ Table 2 about here]
Buyout option
The buyout option for the baseline CDA has a price of $122.26 million, with a Monte
Carlo standard error of $0.6153 million. The option price represents 26.79 percent of the value of the CDA, which is $456.32 million. The distribution of optimal stopping times, for paths where exercise was optimal, is roughly lognormal with most of the probability mass between 5 and 15, implying that it is generally optimal to buy back the lease after a few years, but well before the midpoint of the contract duration. These results are particularly interesting because they seem consistent with the case of the SR-91 road in California, which was bought back after only eight years.
Revenue-sharing option
The price of the T annual revenue-sharing options (with a share α = 0.5 going to the public agency) increases nearly monotonically in project maturity, even with discounting. This is because the first few years of operation of a Greenfield project generate little in profits. The fifth-year revenue-sharing option, for example, is priced at only $27,472, suggesting it is unlikely the lease will be profitable by that time, while the 25th year revenue-sharing option is priced at $1.758 million and the 50th year option (i.e., the last year) is priced at $10.629 million.
To acquire revenue-sharing options for all T = 50 years, the public agency should pay the developer $150.63 million, which represents 33.01 percent of the value of the CDA. Of course, the options would be more expensive for α > 0.5 and less expensive for α < 0.5.
Model Uncertainty and Sensitivity Analysis
The option price solutions described in the previous section are for specific project parameters and are therefore subject to model uncertainty. To evaluate model robustness, we conduct a sensitivity analysis of the solutions by varying key model parameters by ±50 percent of the original value. We also include a robustness check for the inclusion of a non-compete clause.
The results of the sensitivity analysis are summarized in table 3. The same random variable draws are used throughout the sensitivity analysis by saving the random number generation seed.
We examine the effect of changing model parameter values on the pricing solutions for the buyout option only. Note that the option price solution for the basic model was $122.26 million given a CDA worth $456.32 million. Sensitivity analysis results for the other options are included in an appendix available upon request from the authors.
Inclusion of a no-compete clause
Inclusion of a no-compete clause is a controversial proposition. Consider for instance the California SR-91 concession buyback. The developer will ask for a no-compete clause because it restricts the development of alternative roads and thus reduces the elasticity of the demand. To model the no-compete clause, we assume that no random shocks to the demand elasticity parameter γ may occur. As a result, the buyout option price increases 42.2 percent to $173.90 million. Implicitly, there is substantial value attached to the possibility of making marginal improvements to adjacent roads. The higher value reflects the role in the demand model of allowing for marginal improvements to adjacent freeways. If the public agency is not allowed to make such road improvements, demand is more inelastic than it would be otherwise and revenues increase substantially over time as toll rates increase.
Interest rate uncertainty
The buyout option price is computed using risk-free rates simulated from CIR (more generally, CKLS) models, so uncertainty about the CIR model should have an effect on the robustness of the option solution. The solution is found to be robust to uncertainty in interest rate volatility σ. if the latter is doubled to 0.20, the buyout option price increases to $125.92 million, while halving σ to 0.05 decreases the option price to $121.55 million. However, the option price is less robust to uncertainty about the long-run interest rate level. If b is doubled to 0.10, the option price falls to $98.268 million, while if b is halved to 0.025, the price increases to $137.39 million. Naturally, the value of the lease itself also falls (rises) when the long-run level interest rate increases (decreases).
Demand model uncertainty
It is expected that the buyout option price will be sensitive to uncertainty in the demand model parameters. If the standard deviation σ Q of the natural log of initial traffic volume is doubled from 0.5 to 1, the option price increases to $128.97 million. If, however, σ Q is halved to 0.025, the option price falls to $120.09 million. The changes are of the correct sign but are smaller than expected, given how important the resolution of early period uncertainty is for traffic volume.
[ Table 3 about here]
On the other hand, the buyout option price is highly sensitive to the proportion of traffic occurring at peak hour, as this parameter determines total traffic volume. Doubling peak-hour traffic proportion increases the buyout price to $155.61 million, while halving it decreases the price to $66.41 million. This outcome suggests it is essential to obtain a good forecast of peak and off-peak traffic volume. Likewise, the solution is sensitive to the assumed quantity of peakhour traffic. The baseline value of 1200 vehicles per hour per lane during peak hour is relatively low. If we change the value to 1800 or to 600, the buyout option price increases to $140.69 million or decreases to $84.74 million, respectively.
Traffic growth is based on a deterministic component ω, capturing how quickly traffic volume evolves from a ramp-up to a mature period, as well as a stochastic component ν, which reflects unexpected local and regional growth.
When ω is doubled from 0.20 to 0.40, traffic growth sooner reaches a plateau and the option price rises to $199.62 million, while if ω is halved, the option price falls dramatically to $633,090. To see why such large changes in option price are plausible, consider first the case where traffic volume is expected to plateau very fast, perhaps after just three or four years. As volume and cash flow expectations are low, so is the ex-ante NPV of the CDA, and as a result the option's exercise price is also low. In that case, upside volatility has a large effect on the option price. If traffic volume is expected to grow steadily for the first 30 or 40 years of the lease, however, expected cash flows are substantial and upside volatility can have only a relatively small effect on further increasing revenues. Simply put, the exercise price is very high and it is unlikely the option will ever have a positive payoff, so its price must be low. Further note that in the case of Brownfield projects, traffic volume plateaus much sooner and is also less uncertain, so it should be expected that the option price would be, other things equal, much lower for a Brownfield than a Greenfield project.
The buyout option price is very sensitive to assumptions about traffic growth volatility ν.
If ν is doubled from 0.01 to 0.02, the option price increases substantially to $269.51 million while if ν is halved, the option price falls to $97.74 million. The reason is that if uncertainty about traffic growth rates is high, there is a good chance revenues will be substantially larger than expected. Unfortunately, ν is precisely the type of parameter that is difficult to estimate from historical data.
Political/environmental risk and construction uncertainty
While construction cost itself affects primarily the developer's level of senior debt, delays in construction imply that cash flows from the CDA have a lower NPV, so the buyout option will be worth less. Surprisingly, we find that this type of uncertainty does not appear to have a substantial effect on the option price. If we double from 0.15 to 0.30 the parameter σ M that determines the variance of the project duration, the option price falls to $119.95 million, while if he halve σ M , the option price increases to $123.34 million.
Discount rate uncertainty
There is no consensus in the literature on what discount rate should be used for the public agency, but recent work suggests that the rate should be smaller for the government than for a private firm (Grout, 2003) . In the baseline model, it was assumed that the government's discount rate is lower than the private sector's, but higher than the risk-free rate. Effectively the value was based on yields from low-risk municipal bonds. For purposes of sensitivity analysis, we consider the effect on the option price of letting the public agency's discount rate equal either the (lower) risk-free rate or the (higher) developer's discount rate.
If the public agency discounts at the same rate as the developer, as is frequently assumed in the empirical literature, then the option price falls to $23.75 million. If however the public agency discounts at the risk-free rate, the option price increases to $356.76 million. These results suggest that the appropriate choice of discount rate is critical to the accuracy of the solution and furthermore confirm the theoretical literature's findings that using the wrong discount rate can lead to an entirely different evaluation of the CDA and its clauses. This finding is not unlike the more general financial result whereby using an incorrect value for the financial beta, used to determine the risk premium, can lead to the wrong decision about a project's viability.
Conclusion
The need for innovative financing in public transportation budgeting has encouraged the use of transportation CDAs such as toll highway Build-Operate-Transfer arrangements and other leases and concessions. Although there are important benefits both for the private sector and for public authorities, there is also significant concern because of uncertainty regarding the long duration of such agreements, difficult to forecast revenue streams, and the potential for public backlash against toll increases.
This paper asks whether strategic options, included as clauses or special provisions in CDAs, can be of mutual benefit and therefore encourage the development of CDAs to address transportation financing difficulties. Although the framework is amenable to the analysis of a fairly wide range of problems, we focus on typical Greenfield highway CDAs, which appear to be one of the thorniest policy issues in this area.
A consumer demand-based framework is developed to analyze the sources of risk in CDAs, particularly in how they affect project cash flows, and examines the potential usefulness of strategic options to reduce uncertainty, focusing on the public sector. Model parameters are calibrated using estimates from historical data and results from the established literature. Monte
Carlo simulation is used to price two strategic options in transportation CDAs, namely a buyout option and a revenue-sharing option. The first is modeled as a Bermudan call option, while the second is modeled as a sequence of European call options.
By definition, strategic or real options have non-negative value. However, it is difficult to know the price of such options without modeling them. Our findings suggest that both buyout and revenue-sharing options would be relatively expensive to include in a CDA, as they could be worth between one-quarter and one-third of the CDA concession price. The sensitivity analysis of key model parameters conducted in the paper shows that the option price solutions are robust to most, but not all, parameters. In particular, the accuracy of the option price solutions depends on the accuracy of the traffic volume and volume growth parameters, which are themselves estimated using available historical data on similar, existing CDAs.
The objective of this paper was to investigate the potential usefulness of including strategic options, such as buyout clauses, in CDAs. To this end, we develop methods to accurately price strategic options in CDAs and tested the robustness of the solutions to potential model uncertainty. This paper finds that such options would have a high cost relative to the value of CDAs. As a result, it is understandable that private sector developers might be hesitant to allow options, given their large value relative to CDA concession prices, to be included in the agreement without compensation.
A simple but incomplete solution would be to make strategic options in CDAs more affordable by scaling down the option payoffs. For example, in the case of the revenue-sharing option, the fraction of excess revenues returned to the government could be reduced. Instead of the baseline 50 percent share, the government could receive a 20 or 30 percent share of excess revenues. Such an option should be much less expensive to include, yet would provide the public sector with a share of revenues in the event that the project's profitability is much higher than expected. Moreover, the government needs not include all of the annual revenue-sharing options, e.g., 50 options in the case of a 50-year CDA. It could include only a few, thereby reducing the cost substantially while maintaining a reasonable amount of revenue-sharing.
Likewise, the cost of the buyout option could be reduced by increasing the option exercise price, which is in the baseline model equal to the original CDA price. Thus, if buying back the CDA costs one and a half times the original concession value-50 percent more than the baseline-the public sector will only exercise the option if the project's profitability has increased dramatically. Because it is less likely to be used, the buyout option would have a lower price and would be less costly to include in a CDA. Note: Results are based on the author's calculations from 550,000 simulations generated from the model presented in the paper, discarding the first 50,000 as a burn-in stage.
1 Table 3 : Sensitivity analysis results for the buyout option price solution and selected model parameters, with a CDA concession period of T = 50 years. The original buyout option price (for a $456 million CDA) is listed alongside the revised option prices, when one parameter is changed and all else remains equal.
